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Abstract
We model pseudo–Finsler geometries, with pseudo–Euclidean sig-
natures of metrics, for two classes of four dimensional nonholonomic
manifolds: a) tangent bundles with two dimensional base manifolds and
b) pseudo–Riemannian/ Einstein spaces. Such spacetimes are enabled
with nonholonomic distributions and theirs metrics are solutions of the
field equations in general relativity and/or generalizations. We rewrite
the Schwarzschild metric in Finsler variables and use it for generat-
ing new classes of black hole objects with stationary deformations to
ellipsoidal configurations. The conditions are analyzed when such met-
rics describe imbedding of black hole solutions into nontrivial solitonic
backgrounds.
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1 Introduction
The goal of this work is to construct new classes of (Finsler) black hole
solutions and analyze their deformations to metrics with ellipsoidal symme-
try and (or) imbedding into nontrivial solitonic backgrounds. Such mod-
els of pseudo–Finsler spacetimes can be elaborated on tangent bundles or
∗sergiu.vacaru@uaic.ro, http://www.scribd.com/people/view/1455460-sergiu
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on pseudo–Riemannian manifolds enabled with the corresponding nonholo-
nomic frame structures. Let us motivate our interest in this problem:
Black holes are investigated in great depth and detail for more than fifty
years for all important gravity theories, for instance, in general relativity
and string/ brane gravity and their bimetric, gauge, noncommutative mod-
ifications/ generalizations etc. We cite here monographs [1, 2, 3, 4] and a
recent resource letter [5] for literature on black hole physics and mathemat-
ics. Various classes of exact solutions describing generalized Finsler metrics
were constructed in low and extra dimensional gravity for spacetime mod-
els with nonholomomic distributions, see reviews of results and methods
in Refs. [6, 7, 8, 9] (see also examples of 3, 4 and 5 dimensional locally
anisotropic black hole/ ellipsoid solutions Refs. [10, 12, 13]). Nevertheless,
the above–mentioned types of locally anisotropic solutions are not exactly
tailored for the pseudo–Finsler spacetimes but for more general nonholo-
nomic configurations. Until the present, there were not published any works
on exact solutions for black hole metrics and connections in Finsler gravity
models.
A surprising result is that for certain classes of nonholonomic distribu-
tions/ frames we can model (pseudo) Lagrange and Finsler like geometries on
(pseudo) Riemannian manifolds. In such cases, the metric and connection
structures can be constrained to solve usual gravitational field equations
in general relativity [6, 7, 12, 13], or their generalizations [8, 9, 10]. So,
the task to construct Finsler black hole solutions is not only a formal one
related to non–Riemannian spacetimes but also presents a substantial inter-
est in modelling locally anisotropic black hole configurations, with generic
off–diagonal metrics, in Einstein gravity. Here we emphasize that locally
anisotropic/ nonholonomic spacetimes (Finsler like and more general ones)
defined as exact solutions of standard Einstein equations are not subjected
to experimental constraints as in the case of modified gravity theories con-
structed on (co) tangent bundles [14, 15].
It is complicated to find new classes of black hole solutions both in
Einstein gravity and modified gravity theories. Any type of such solutions
presents a substantial interest for possible applications in modern astro-
physics and cosmology. The subject of pseudo–Finsler black holes is also
interesting for various studies in mathematical physics as it is connected
to new methods of constructing exact solutions defining spacetimes with
generalized symmetries and nonlinear gravitational interactions [6, 7, 9].
Recently, a series of works on Finsler–like analogous of gravity and ap-
plications [18, 19, 20, 21, 22] were published following various purposes in
modern cosmology [23, 24, 25], string gravity [26, 27, 28] and quantum
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gravity [29, 16], and alternative gravity theories and physical applications of
nonholonomic Ricci flows [30]; see also monographs [31, 32, 33, 34, 35, 36,
37, 38, 39], and references therein, on ”early” physical models with Finsler
geometries. Here we note also gravity and matter field interactions the-
ories with momentum type variables and higher order (co) tangent bun-
dles: For instance, such constructions were related to definition of non-
holonomic spinors, field equations and conservation laws on such spaces
[37, 38] and various models with velocity and momentum/phase type vari-
ables [40, 41, 42, 43, 44, 45]. To analyse gamma ray bust delay times and
relations to the geometry of momentum space is proposed in [46] but such
a theory is not complete from a geometric point of view because the ap-
proach does not include the nonlinear connection structure and possible
symplectomorphisms, see [47]. It is an important task to investigate if cer-
tain Finsler like gravitational models (commutative and noncommutative
ones, nonsymmetric metric generalizations etc) may have, or not, black hole
type solutions and to understand when some (pseudo) Finsler metrics can
be related to modern/ standard theories of gravity.
Exact solutions in gravity theories, including black hole metrics, carry
a great deal of information on gravitational theories. They can be consid-
ered both for theoretical and, in many cases, experimental tests of physical
models. In our approach, we construct new classes of black hole/ ellipsoid
solutions generalizing similar ones in Einstein gravity; namely these are the
Schwarzschild analogs in pseudo–Finsler spacetimes, and analyze possible
physical implications.
In this article, we present and discuss the main properties of Finsler black
hole solutions generated following the so–called anholonomic frame method,
elaborated and developed in our previous works [6, 7, 8, 9, 10, 11, 12, 13]. We
shall work explicitly with Finsler spacetime configurations, and their non-
holonomic transforms, but not with generalized locally anisotropic and/or
Lagrange–Finsler structures in the bulk of our former constructions. Read-
ers are recommended to study preliminary the reviews [6, 7] on applications
in physics of the geometry of nonlinear connections and associated nonholo-
nomic frames and modelling of Lagrange–Finsler geometries on (pseudo)
Riemannian spacetimes.
We emphasize that in this work the Finsler geometry models are elabo-
rated for the canonical distinguished connection following geometric meth-
ods developed in Refs. [35, 36, 7, 9]. In our approach, we usually do not
work with the Chern connection [39] (sometimes, called also Rund’s connec-
tion [32]) for Finsler spaces because this connection is metric noncompatible,
which results in a more sophisticate mathematical formalism and have less
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physical motivations from the viewpoint of standard gravity theories, see
discussions in Ref. [7] and Introduction to [9]. For simplicity, this paper
is oriented to keep the geometric and physical constructions more closed
to those in Einstein gravity, in Finsler like variables, and four dimensional
pseudo–Finsler analogs on nonholonomic tangent bundles.
The paper is organized as follows: In section 2, we summarize some basic
concepts and formulas on modeling Finsler geometries on tangent bundles
and nonholonomic (pseudo) Riemannian manifolds. We consider the gravita-
tional field equations for Einstein–Finsler and nonholonomic Einstein spaces.
In section 3, we choose the metric ansatz and analyze four classes of exact so-
lutions parametrized by generic off–diagonal metrics with one Killing vector
symmetry defining stationary Einstein–Finsler configurations.
Solutions for pseudo–Finsler generalizations of the Schwarzschild metric
and nonholonomic ellipsoidal deformations of Einstein metrics are provided
in section 4. We discuss there how such metrics can be constructed on
tangent bundles/ Einstein manifolds. There are provided examples when
black hole solutions can be imbedded and/or nonholonomically mapped on
pseudo–Finsler spaces and/or deformed nonholonomically into exact solu-
tions of Einstein equations in general relativity. In section 5, we discuss and
conclude on obtained results.
Finally, we note that we cite only a series of Finsler works which may
have implications for standard theories of gravity and high energy physics,
in the spirit of reviews [7, 6] and monograph [9]. In a recent paper [50], we
proved that the Einstein equations, both with the canonical d–connection
and Levi–Civita connection, can be solved in very general form for arbitrary
dimensions. All solutions considered in this work correspond to explicit
classes of generating and integration functions generating ellipsoid and/or
solitonic configurations. They provide some possible applications (for cer-
tain types of nonholonomic distributions defining new classes of black hole
objects) in Finsler and Einstein gravity. More details on the geometry of
Finsler spaces, generalizations and ”nonstandard” applications in physics
are presented in [31, 32, 33, 35, 36, 37, 38, 39] and references therein.
2 Einstein–Finsler Manifolds
Let us consider a four dimensional (4-d) manifold V of necessary smooth
class (in brief, we shall use the terms space/ or spacetime, for correspond-
ing positive/ negative signatures of metrics). We shall model Finsler ge-
ometries with geometric/physical objects defined on V as exact solutions
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of certain gravitational field equations in general relativity or modified for
Finsler metrics and connections. Such spacetimes are enabled with a con-
ventional 2 + 2 splitting (defined by a nonholonomic, equivalently, anholo-
nomic/nonintegrable, distribution), when local coordinates u = (x, y) on an
open region U ⊂ V are labelled in the form uα = (xi, ya), with indices of
type i, j, k, ... = 1, 2 and a, b, c... = 3, 4. For tensor like objects on V, their
coefficients will be considered with respect to a general (non–coordinate)
local basis eα = (ei, ea).
1
There are two different ways to model Finsler geometries as solutions of
gravitational field equations in general relativity and/or modified theories:
The first, original (standard) one [31, 32, 33, 35, 39], is to consider V = TM
for the total space of a tangent bundle (TM,π,M) on a two dimensional (2–
d) base manifold M. In this approach, the values xi are local coordinates on
M (a low–dimensional space/ spacetime) and ya are fiber/velocity type co-
ordinates. In such a case, the geometric constructions and physical models
are performed on tangent bundles which results in generalizations/ viola-
tions of the local Lorentz invariance, non–Riemannian locally anisotropic
gravitational effects etc. Positively, Finsler gravity models constructed on
TM should be considered as modifications of the Einstein theory.
Alternatively, we can consider that V = V is a 4–d nonholonomic mani-
fold (in particular, a pseudo–Riemannian one) with local fibered structure2,
as we discuss in [7, 6, 9]. For such constructions, we treat xi a nd ya,
respectively, as conventional horizontal/ nonholonomic (h) and vertical /
holonomic (v) coordinates (both types of such coordinates can be time–
or space–like ones). On nonholonomic (pseudo) Riemannian manifolds,
we can introduce Finsler and/or almost Ka¨hler like variables/cordinates
[7, 16, 17].3 In a more general context, we can model by nonholonomic
1Primed (double primed, underlined etc) indices, for instance α′ = (i′, a′), β′′ =
(j′′, b′′), γ = (k, c), ... will be used for labelling coordinates with respect to a different
local basis eα′ = (ei′ , ea′), or its dual e
α′ = (ei
′
, ea
′
).
2A pair (V,N ), where V is a manifold and N is a nonintegrable distribution on
V, is called a nonholonomic manifold. In this work, boldface symbols will be used for
nonholonomic manifolds/ bundles and geometric objects on such spaces.
3 We emphasize that the spacetime signature may be encoded formally into certain
systems of frame (vielbein) coefficients and coordinates, some of them being proportional
to the imaginary unity i, when i2 = −1. For instance, on a local tangent Minkowski space
of signature (−,+,+,+), we can chose e1′ = i∂/∂u
1
′
, where i is the imaginary unity,
i2 = −1, and write eα′ = (i∂/∂u
1
′
, ∂/∂u2
′
, ∂/∂u3
′
, ∂/∂u4
′
). Such formal local Euclidean
coordinates were used in the past in a number of textbooks on relativity theory (see, for
instance, [48, 49]). This is useful for some purposes of analogous modelling of gravity
theories as effective Lagrange mechanics, or Finsler like, geometries, but this does not
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distributions / frames on (pseudo) Riemannian/ Einstein manifolds various
types of (pseudo) Finsler geometries when coordinates of type ya are not ”ve-
locities” but certain nonholonomically constrained variables, for instance, in
general relativity.
2.1 (Pseudo) Finsler/ Riemannian metrics and Finsler vari-
ables
A standard two dimensional Finsler space 2F (M,F (x, y)) is defined on
a tangent bundle TM, where M,dimM = 2, is the base manifold being
differentiable of class C∞. One considers: 1) a fundamental real Finsler
(generating) function F (u) = F (x, y) = F (xi, ya) > 0 if y 6= 0 and homoge-
neous of type F (x, λy) = |λ|F (x, y), for any nonzero λ ∈ R, with positively
definite Hessian
fab =
1
2
∂2F 2
∂ya∂yb
, (1)
when det | fab| 6= 0. In order to construct completely a geometric model
(Finsler geometry) on TM, we have to chose 2) a nonlinear connection (N–
connection) structure N on TM defined by a nonholonomic distribution
(Whitney sum)
TTM = hTM ⊕ vTM (2)
with splitting into conventional horizontal (h), hTM, and vertical (v), vTM,
subspaces and 3) a linear connection structure which is convenient to be
defined in N–adapted form, i.e. preserving the splitting (2), called distin-
guished connection (in brief, d–connection) and denoted D = (hD, vD), or
Dα = (Di,Da).
For a Finsler space, it is possible to construct the canonical (Cartan)
N–connection cN = { cNai } completely defined by an effective Lagrangian
L = F 2 in such a form that the corresponding semi–spray configuration is
described by nonlinear geodesic equations. In their turn, the geodesic equa-
tions are equivalent to the Euler–Lagrange equations for L (see details, for
instance, in Refs. [35, 7, 9]; for ”pseudo” configurations, this mechanical
analogy is a formal one, with some ”imaginary” coordinates). One intro-
duces
cNai =
∂Ga
∂y2+i
, (3)
mean that we work with a complexification of classical spacetimes, see discussion in Ref.
[7]. The term ”pseudo–Finsler” was also considered more recently for some analogous
gravity like models (see, for instance, [22]).
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for Ga = 14 f
a 2+i
(
∂2L
∂y2+i∂xk
y2+k − ∂L
∂xi
)
, where fab is inverse to fab (1) and
respective contractions of h– and v–indices, i, j, ... and a, b..., are performed
following the rule: we can write, for instance, an up v–index a as a = 2+i and
contract it with a low index i = 1, 2. Briefly, for spaces of even dimension,
we can write yi instead of y2+i, or ya.
The values (1) and (3) allow us to define the canonical Sasaki type metric
(d–metric, equivalently, metric d–tensor)
f = fijdx
i ⊗ dxj + fab cea ⊗ ceb, cea = dya + cNai dxi, (4)
where fij = f2+i 2+j . For (pseudo) Finsler spaces, we have to consider that
Hessian (1) is not positively definite and that (4) has locally a (pseudo)
Euclidean signature.4
Instead of a tangent bundle TM, we can model a Finsler geometry on
a 4–d (pseudo) Riemannian manifold 4V (of necessary smooth class) if we
consider that such a manifold is enabled with a nonholonomic distribution
of type (2), where TM is substituted by 4V. The coefficients of a general
(pseudo) Riemannian metric g = gα′β′e
α′ ⊗ eβ′ on 4V, for eα′ = (ei′ , ea′) =
eα
′
α(u)du
α, can be parametrized in a form adapted to a nonholonomic 2 + 2
splitting induced by a (formally introduced) Finsler generating function. In
such cases, we have
g = g = gi′j′(u)e
i′ ⊗ ej′ + ha′b′(u)ea′ ⊗ eb′ , ea′ = ea′ +Na′i′ (u)ei
′
, (5)
when the values gα′β′ = [gi′j′ , ha′b′ ] are related by transforms
gα′β′e
α′
αe
β′
β = fαβ (6)
to a (pseudo–Finsler) metric fαβ = [ fij, fab] (4) and corresponding N–
adapted dual canonical basis ceα = (dxi, cea).5 Usually, for certain formally
diagonalized representations of h- and v–components of metrics, a subset of
such coefficients can be taken to be zero, for given values [gi′j′ , ha′b′ , N
a′
i′ ]
and [ fij, fab,
cNai ], when N
a′
i′ = e
i
i′ e
a′
a
cNai , for e
i
i′ being inverse to e
i′
i.
4It is possible to construct Finsler models on total bundle of TM for various types
of quadratic forms which, for instance, are completely homogeneous on y–variables[?,
39]. This results in more sophisticate geometric constructions with less obvious physical
applications. In our works, we use the Sasaki form as the most ”simple” example both in
geometry in physics.
5For any given values gα′β′ and fαβ, we have to solve a system of quadratic algebraic
equations (6) with unknown variables eα
′
α. How to define in explicit form such frame
coefficients (vierbeins) and coordinates we discuss in detail, for instance, in Ref. [6].
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In our unified geometric approach (both for tangent bundles and non-
holonomic manifolds), we work on a general spacetime V enabled with a
N–connection structure N defined by a Whitney sum of type (2), with lo-
cal coefficients Nai (u), when N = N
a
i (u)dx
i ⊗ ∂∂ya . Such a nonholonomic
distribution (called also N–anholonomic, see [7, 9]; it is also used the term
N–anholonomic manifold) states a frame (vielbein) structure which is linear
on N–connection coefficients,
eν =
(
ei =
∂
∂xi
−Nai (u)
∂
∂ya
, ea =
∂
∂ya
)
,
eµ =
(
ei = dxi, ea = dya +Nai (u)dx
i
)
. (7)
The vielbeins (7) satisfy the nonholonomy relations
[eα, eβ ] = eαeβ − eβeα = wγαβeγ (8)
with (antisymmetric) nontrivial anholonomy coefficients wbia = ∂aN
b
i and
waji = Ω
a
ij, where Ω
a
ij = ej (N
a
i ) − ei
(
Naj
)
are the coefficients of N–
connection curvature. The particular holonomic/ integrable case is selected
by the integrability conditions wγαβ = 0.
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For geometric constructions on V and physical applications, it is con-
venient to work with a class of linear connections D which under paral-
lelism preserve a prescribed distribution (2). Such connections are called N–
adapted (or, equivalently, distinguished connections; in brief, d–connections).
The simplest way to perform computations with d–connections is to use N–
adapted differential 1–forms of type
Γαβ = Γ
α
βγe
γ . (9)
For instance, the torsion of a d–connection D is computed in N–adapted
form as T α + Deα = deα + Γαβ ∧ eβ, which result in coefficients Tαβγ =
{T ijk, T ija, T aji, T abi, T abc}, where
T ijk = L
i
jk − Likj, T ija = −T iaj = Cija, T aji = Ωaji,
T abi = −T aib =
∂Nai
∂yb
− Labi, T abc = Cabc − Cacb. (10)
For any g on a N–anholonomic manifold V, there is a unique metric
compatible canonical d–connection D̂ when D̂g =0 and ”pure” horizontal
6We use boldface symbols for spaces (and geometric objects on such spaces) enabled
with N–connection structure.
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and vertical torsion coefficients are zero, i. e. T̂ ijk = 0 and T̂
a
bc = 0, see
formulas (10). Locally, a canonical d–connection D̂ is determined by its
coefficients Γ̂γαβ =
(
L̂ijk, L̂
a
bk, Ĉ
i
jc, Ĉ
a
bc
)
, where
L̂ijk =
1
2
gir (ekgjr + ejgkr − ergjk) , (11)
L̂abk = eb(N
a
k ) +
1
2
hac
(
ekhbc − hdc ebNdk − hdb ecNdk
)
,
Ĉijc =
1
2
gikecgjk, Ĉ
a
bc =
1
2
had (echbd + echcd − edhbc) .
We emphasize that, in general, T̂ ija, T̂
a
ji and T̂
a
bi are not zero, but such non-
trivial components of torsion are induced by some coefficients of a general
off–diagonal metric gαβ , see explicit formulas in Refs. [7, 9]. Distinguished
connections were originally introduced for Finsler and Lagrange models on
tangent bundles (see, for instance, [35, 39, 33, 34, 31]). They can be also
defined on (pseudo) Riemannian manifolds by adapting the geometric con-
structions with respect to N–anholonomic structures. For instance, a D̂ on
V is completely defined by the metric structure.
Usually, in (pseudo) Riemannian geometry, it is considered another ”stan-
dard” connection, the so–called Levi–Civita linear connection, ∇ = {Γαβγ}
which is uniquely defined by a metric structure g following the conditions
∇T = 0 and ∇g = 0. Any geometric construction for the canonical d–
connection D̂ can be re–defined equivalently into a similar one with the
Levi–Civita connection ∇ following formula
Γγαβ = Γ̂
γ
αβ + Z
γ
αβ, (12)
where the distortion tensor Zγαβ is constructed in a unique form from the
coefficients of a metric gαβ ,
Zajk = −Ĉijbgikhab −
1
2
Ωajk, Z
i
bk =
1
2
Ωcjkhcbg
ji − Ξihjk Ĉjhb,
Zabk =
+ΞabcdT̂
c
bk, Z
i
kb =
1
2
Ωajkhcbg
ji + Ξihjk Ĉ
j
hb, Z
i
jk = 0, (13)
Zajb = − −Ξadcb T̂ cdj, Zabc = 0, Ziab = −
gij
2
[
T̂ cajhcb + T̂
c
bjhca
]
,
for Ξihjk =
1
2(δ
i
jδ
h
k−gjkgih), ±Ξabcd = 12(δac δbd+hcdhab) and T̂ cja = L̂caj−ea(N cj ).
A (pseudo) Riemannian geometry is completely defined by only one fun-
damental geometric object which is the metric structure g. It determines a
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unique metric compatible and torsionless Levi–Civita connection ∇. In or-
der to construct a model of (pseudo) Finsler geometry, we need a generating
fundamental Finsler function F (x, y) which in certain canonical approaches
generates three fundamental geometric objects: 1) a N–connection N, 2)
a Sasaki type metric fαβ and 3) a d–connection D. Using distortions of d–
connections, ∇ = D̂+Z (12), and nonhlonomic frame transform (6), we can
encode a canonical (pseudo) Finsler geometry (F, f , cN,D̂) into a (pseudo)
Riemannian configuration (g,∇), with g induced by a Finsler metric f (4).
Inversely, for any (pseudo) Riemannian space, we can chose a nonholonmic
2+2 distribution induced by a necessary type of Finsler generating function
F (x, y) and express any data (g,∇) into, for instance, canonical (pseudo)
Finsler ones. In this way we introduce (nonholonomic) Finsler variables on
a (pseudo) Riemannian manifold and deform nonholonomically the linear
connection structure, ∇ → D̂ in order to model a Finsler geometry by a
corresponding nonholonomic distribution. For such geometric constructions,
we can work equivalently with two types of linear connections, ∇ and/or D̂,
because all values ∇, D̂ and Z in (12), are determined by the same metric
structure g = f .
The main conclusion of this section is that geometrically both types of
(pseudo) Riemannian and (pseudo) Finsler spaces with metric compatible
linear connections completely defined by a prescribed metric structure can
be modelled equivalently by nonholonomic distributions/ deformations. For
instance, we can consider that a (pseudo) Finsler geometry is modelled on a
tangent bundle, when v–coordinates ya are of ”velocity” type. This is a very
different (from physical point of view, but with a formal equivalence of geo-
metric formulas) from Finsler spacetime models on nonholonomic (pseudo)
Riemannian manifolds, when v–coordinates ya are certain space/time ones
subjected to nonholonomic constraints.
2.2 Einstein equations on (pseudo) Finsler/ nonholonomic
spacetimes
For any d–connection D, we can compute the nontrivial N–adapted com-
ponents of curvature, Rαβγδ ={Rihjk, Rabjk, Rijka, Rcbka, Rijbc, Rabcd},7 fol-
lowing a formal differential form calculus,
Rαβ + DΓαβ = dΓαβ − Γγβ ∧ Γαγ = Rαβγδeγ ∧ eδ,
Contracting respectively the components of curvature, one proves that the
Ricci tensor Rαβ + R
τ
αβτ is characterized by h- v–components, Rαβ =
7in explicit form, the formula for such coefficients can be found in Refs. [35, 7, 9]
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{Rij , Ria, Rai, Rab}, for Rij + Rkijk, Ria + −Rkika, Rai + Rbaib, Rab +
Rcabc. The scalar curvature of a d–connection D is standardly defined
sR +
gαβRαβ = g
ijRij + h
abRab.
The Einstein tensor of d–connection is by definition
Eαβ = Rαβ − 1
2
gαβ
sR. (14)
It defines a nonholonomic Einstein configuration which is alternative to the
standard one constructed for the Levi–Civita connection.8
Working with Einstein tensors for different linear connections uniquely
defined by the same metric structure, we construct (in general) different/
alternative models of gravity. The corresponding gravitational field equa-
tions are with different classes of exact solutions. Nevertheless, it is possible
to impose certain types of well defined constraints when the solutions from
one theory will be transformed into solutions from another type theory. For
instance, having constructed a solution of Einstein equations for D̂, we can
restrict it to be a solution for ∇ if the coefficients of metric to satisfy the
condition Zγαβ = 0, see (13).
2.2.1 Einstein equations in Finsler variables
In general relativity, the Einstein equations are postulated in the form
Eαβ = κ Υαβ , (15)
where Eαβ is the Einstein tensor for the Levi–Civita connection ∇,κ is
the gravitational constant and the energy–momentum tensor Υαβ is con-
structed for matter fields using (g,∇). Having prescribed a generating func-
tion f , these equations can be written equivalently in Finsler variables, when
(g,∇)→ (F : f , cN,D̂), following the distortion of connections (12). Using
the Einstein tensor (14) computed for D̂, we represent the gravitational field
equations in general relativity in the form
Êαβ = κ
cΥ̂αβ , (16)
8The Levi–Civita connection and related Christoffel symbols are considered as the
standard geometric objects used in general relativity. It should be noted here that the
Einstein theory can be formulated equivalently in terms of any linear connection if such a
connection is completely determined by the (pseudo) Riemannian metric structure. Using
distortions of linear connections of type (12), we can re–express all fundamental physical
values and equations in general relativity in terms of certain d–objects and, inversely, in
terms of standard (pseudo) Riemannian, Levi–Civita, tensor calculus.
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with a new (distorted) source cΥ̂αβ = Υαβ − Ẑ αβ determined by Υαβ
from (15), rewritten in variables (g, D̂), and by the canonical distortion
of the Ricci tensor Ẑ αβ. This tensor is computed as Ẑ βγ + Ẑ
α
βγα for
R̂αβγδ = R
α
βγδ+ Ẑ
α
βγδ induced by deformations (12). So, the source
cΥ̂αβ
is such way constructed that (16) is equivalent to (15) even such gravitational
field equations are written for different connections determined by the same
metric structure.
2.2.2 A Finsler gravity model with Einstein tensor for D̂
On a (pseudo) Finsler spacetime, the geometric constructions should be
adapted to a N–connection splitting. To satisfy this condition we should
not work with the Levi–Civita connection ∇ but, for instance, with D̂, or
another type of d–connection D. In a ”canonical” d–connection approach,
we are ”obliged” to work with the Einstein tensor Êαβ.
9
Following certain analogy with general relativity (but elaborating ge-
ometric/physical models on tangent bundles), we can postulate the field
equations
Êαβ = κ Υ̂αβ (17)
constructed for the Einstein d–tensor Êαβ and any Υ̂αβ . Such equations
can be used as fundamental field equations for Finsler gravity theories. From
a formal point of view, they do not have a rigorous physically motivation
like in general relativity10, but can be derived geometrically following the
same constructions for d–connections as for the Levi–Civita connection.
We can elaborate a N–adapted variational approach for theories with
∇ → D̂ for the same metric structure on TM using N–elongated par-
tial derivatives and co–frames (7). All constructions can be equivalently
re–defined with respect to coordinate frames but in such a case the N–
connection structure will be ”hidden” in generic off–diagonal coefficients of
metric. Variational ”proofs” for the Einstein equations for ∇, i.e. (15)
and the nonholonomic canonical deformation to (17) are equivalent if both
9On a Finsler spacetime, with respect to a N–adapted frame and fixed system of coor-
dinates, we can always compute ∇ from D̂. If we work in a formal way with ∇, we ”hide”
the N–adapted structure which is fundamental in Finsler gravity. To introduce Finsler
variables in general relativity is an ”option” which may help, for instance, to solve some
systems of equations, define some symmetries of interactions, elaborate new schemes of
quantization etc. On a ”true” Finsler spacetime (on a tangent bundle), we are positively
obliged to work with D̂ and N–adapted geometric objects/ constructions.
10this is because we do not have any experimental data to support a principle of equiv-
alence for spacetime models on tangent bundles when metrics depend on ”velocities”
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connections are related by a distortion (12), ∇ = D̂ + Ẑ when all geomet-
ric objects ∇, D̂ and Ẑ are determined by the same metric structure g.
The constructions can be generalized for Finsler like models of gravity with
arbitrary metric compatible of noncompatible d–connection D. Using a N–
adapted Palatini method, subclasses of generalized Finsler like theories can
be constructed for any data (g,N,D), see details in Ref. [9].
We note that a formal definition of Υ̂αβ by using the same principles
for D̂, instead of ∇, like in Einstein gravity, is well defined geometrically
and may present certain interest. For instance, we can consider such an ap-
proach for elaborating models with local anisotropies on velocities in modern
cosmology and/or continuous media mechanics.
2.2.3 Nonholonomic Einstein and Einstein–Finsler spaces
For our further purposes, we consider a particular case of equations (17),
when the source Υ̂αβ is such way chosen that
R̂ij =
hλ(u)δij , R̂
a
b =
vλ(u)δab, R̂ia = R̂ai = 0, (18)
where hλ(u) and vλ(u) are some locally anisotropic h– and v–polarizations
of the cosmological constant. If we take D̂ on a tangent bundle, V =
TM, such equations define a class of Einstein–Finsler spaces. Choosing
V = 4V, we say that the solutions of equations (18) are for nonholonomic
Einstein manifolds. We suggest to use such terms because for D̂→ ∇ and
hλ = vλ = λ = const we obtain the usual gravitational field equations with
cosmological constant,
Rαβ = λgαβ , (19)
defining the concept of Einstein spaces/manifolds.
There are two important arguments to introduce and analyze in this
work some classes of exact solutions (which seem to have physical impor-
tance) of equations (18): The first one is that such equations allow us to
construct generalizations of black hole metrics for Finsler spacetimes (de-
pending on our choice, they can be similarly considered on tangent bundles
or on nonholonomic, Einstein manifolds). It may be physically important to
construct, for instance, Finsler analogs of the Schwarzschild solutions.11 In
11As a Finsler black hole, we shall consider any black like solution of (Finsler gravity)
equations (18). For well defined conditions, such a solution may be restricted to solve the
Einstein equations (19)) but (in general) it contains certain generic off–diagonal terms in
metrics. All black hole solutions can be represented in Finsler variables using transforms
(6) to a pseudo–Finsler metric with nontrivial N–connection structure. If we choose y–
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such cases, we have to solve modified Einstein equations for D̂. The second
argument is that we can solve the equations (18) analytically in very general
form for arbitrary dimensions, see recent results in Ref. [50] (we were not
able to generate such solutions working directly with the Levi–Civita con-
nection and equations (19)). We can constrain such general solutions and
select some explicit nonholonomic configurations when the distortion tensor
vanishes, Zγαβ = 0, see formulas (13). This generates Finsler like solutions
in Einstein gravity.
We emphasize that the system of Einstein–Finselr equations (18) and
constraints Zγαβ = 0, for
hλ = vλ = λ, is completely equivalent to (19) but
it is encoded more information about chosen nonholonomic frame structure
in the case with D̂. The surprising thing is that working in general relativity
with variables (g, D̂) it is more easy technically to construct exact solutions
than using ”standard” variables (g,∇). We can also extend the method for
Finsler theories and generalization. As a result, we were able to elaborate
a new, very general, geometric method of constructing exact solutions with
generic off–diagonal metrics and nontrivial nonholonomic structures in grav-
ity theories (the so–called anholonomic frame method, see reviews of results
in Refs. [6, 7, 9, 50]).
Nonholonomic configurations with Zγαβ = 0 present an additional sub-
stantial interest because they allow us to model a subclass of (pseudo) Finsler
spaces as exact solutions in Einstein gravity. Such Finsler metrics and con-
nections are not restricted by modern experimental data [15, 14] and they
do not involve violations of the local Lorentz invariance, or metric noncom-
patibility of Finsler structures. In next sections, we shall provide explicit
examples of (pseudo) Finsler black holes and nonholonomic configurations
which can be modelled on Einstein spaces by generic off–diagonal metrics.
3 Off–Diagonal Ansatz and Exact Solutions
We consider an ansatz for d–metric g (5) when the
g = gidx
i⊗dxi+h3 δv⊗ δv+h4 δy⊗ δy, δv = dv+wjdxj , δy = dy+njdxj
(20)
has nontrivial coefficients (smooth functions)
gi = gi(x
k), ha = ha(x
i, v), wj = wj(x
k, v), nj = nj(x
k, v), (21)
variables for TM, such Finsler black holes depend on a ”velocity” type coordinate. For
nonholonomic Einsteing spaces, we mimic a Finler like black hole configuration with a
nonholonomic y–variable.
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where the N–connection coefficients are N3i′ = wi′ , N
4
i′ = ni′ and coordinates
are parametrized in the form xk
′
= xk
′
(xk), y3
′
= v and y4
′
= y. The
above formulas are for a generic off–diagonal metric with 2+2 splitting when
the h–metric coefficients depend on two variables and the v–metric and N–
connection coefficients depend on three variables (xi, v). It has one Killing
vector ey = ∂/∂y because there is a frame basis when the coefficients do not
depend on variable y.
How to construct exact solutions for a general ansatz in general rel-
ativity and fileld equations with nonholonomic variables in Einstein and
generalized Finsler gravity theories is analyzed in Refs. [6, 12, 13], see also
generalizations and reviews of results in [7, 9, 8]. In this work, we shall omit
technical details on constructing exact solutions following the anholonomic
frame method and send the reader to Ref. [50] providing general solutions
of Einstein equations in arbitrary dimensions, including both variants for
equations (18) and, in particular, (19).
3.1 Solutions for nonholonomic Einstein spaces, λ = const
A class of exact solutions of (18) with cosmological constant for the
ansatz (20) is parametrized by d–metrics of type
λg˚ = ǫ1e
φ(xi) dx1 ⊗ dx1 + ǫ2eφ(xi) dx2 ⊗ dx2 (22)
+h3
(
xk, v
)
δv ⊗ δv + h4
(
xk, v
)
δy ⊗ δy,
δv = dv + wi
(
xk, v
)
dxi, δy = dy + ni
(
xk, v
)
dxi,
for any signatures ǫα = ±1, where the coefficients are any functions satisfy-
ing (respectively) the conditions,
ǫ1φ
••(xk) + ǫ2φ
′′
(xk) = −2ǫ1ǫ2 λ; (23)
h3 = ±(φ
∗)2
4 λ
e−2
0φ(xi), h4 = ∓ 1
4 λ
e2(φ−
0φ(xi)); wi = −∂iφ/φ∗;
ni =
1ni(x
k) + 2ni(x
k)
∫
(φ∗)2 e−2(φ−
0φ(xi))dv,
=
{
1ni(x
k) + 2ni(x
k)
∫
e−4φ
(h∗4)
2
h4
dv, if n∗i 6= 0;
1ni(x
k), if n∗i = 0,
for any nonzero ha and h
∗
a and (integrating) functions
1ni(x
k), 2ni(x
k),
generating function
φ(xi, v) = ln |h∗4/
√
|h3h4|| (24)
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and 0φ(xi) to be determined from certain boundary conditions for a fixed
system of coordinates. In above formulas, we consider partial derivatives
written in the form a• = ∂a/∂x1, a′ = ∂a/∂x2, a∗ = ∂a/∂v. There are two
classes of solutions (23) constructed for a nontrivial λ. The first one is singu-
lar for λ→ 0 if we chose a generation function φ(xi, v) (24) not depending
on λ. We can eliminate such singularities for parametric dependencies of
type φ(λ, xi, v), when such a function is linear on λ.
We have to impose additional constraints on coefficients of a chosen
ansatz in order to satisfy the conditions Zγαβ = 0 (13) and generate solutions
of the Einstein equations (19) for the Levi–Civita connection:
(2e2φφ− λ) (φ∗)2 = 0, φ 6= 0, φ∗ 6= 0; (25)
w1w2
(
ln |w1
w2
|
)∗
= w•2 − w′1, w∗i 6= 0; w•2 −w′1 = 0, w∗i = 0;
1n′1(x
k)− 1n•2(xk) = 0, n∗i = 0;
we can consider φ(xi, v) = const if we include configurations with φ∗ = 0.
3.2 Solutions for (non) holonomic vacuum spaces, λ = 0
Because of generic nonlinear off–diagonal and possible nonholonomic
character of solutions of Einstein equations, the vacuum solutions are gen-
erated not just as a simple limit λ → 0 of coefficients (23) and (25). Such
a limit to vacuum configurations should be considered for the gravitational
field equations with zero sources on the right part with a further integration
on separated variables, see details in [6, 7, 9, 8]. This way we construct
a class of vacuum solutions of the Einstein equations for the canonical d–
connection, R̂αβ = 0 in (18) by d-metrics g˚ parametrized in the form (22)
but with coefficients satisfying conditions
ǫ1φ
••(xk) + ǫ2φ
′′
(xk) = 0; (26)
h3 = ±e−2 0φ (h
∗
4)
2
h4
for given h4(x
i, v), φ = 0φ = const;
wi = wi(x
i, v), for any such functions if λ = 0;
ni =
{
1ni(x
k) + 2ni(x
k)
∫
(h∗4)
2 |h4|−5/2dv, if n∗i 6= 0;
1ni(x
k), if n∗i = 0.
We get vacuum solutions p˚g of the Einstein equations (19) for the Levi–
Civita connection, i.e of Rαβ = 0, if we impose additional constraints on
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coefficients of d–metric, for e−2
0φ = 1,
h3 = ±4
[(√
|h4|
)∗]2
, h∗4 6= 0;
w1w2
(
ln |w1
w2
|
)∗
= w•2 − w′1, w∗i 6= 0; w•2 − w′1 = 0, w∗i = 0;
1n′1(x
k)− 1n•2(xk) = 0, n∗i = 0. (27)
It should be emphasized that the bulk of vacuum and cosmological so-
lutions in general relativity outlined in Refs. [2, 3] can be considered as
particular cases of metrics with h∗4 = 0, w
∗
i = 0 and/or n
∗
i = 0, for corre-
sponding systems of reference. In our approach, we work with more general
classes of off–diagonal metrics with certain coefficients depending on three
variables. Such solutions in general relativity can be generated if we im-
pose certain nonholonomic constraints on integral varieties of corresponding
systems of partial equations. The former analytic and computer numeric
programs (for instance, the standard ones with Maple/ Mathematica) for
constructing solutions in gravity theories can not be directly applied for
alternative verifications of our solutions because those approaches do not
encode constraints of type (25) or (27). Nevertheless, it is possible to check
in general analytic form, see all details summarized in Part II of [9] and [50],
that the Einstein equations are satisfied for such general off–diagonal ansatz
of metrics and various types of d– and N–connections.
3.3 Nonholonomic deformations of the Schwarzschild metric
We consider a diagonal metric
εg = −dξ⊗dξ− r2(ξ) dϑ⊗dϑ− r2(ξ) sin2 ϑ dϕ⊗dϕ+̟2(ξ) dt⊗ dt, (28)
where the local coordinates and nontrivial metric coefficients are parametriz-
ed in the form
gˇ1 = −1, gˇ2 = −r2(ξ), hˇ3 = −r2(ξ) sin2 ϑ, hˇ4 = ̟2(ξ), (29)
for x1 = ξ, x2 = ϑ, y3 = ϕ, y4 = t, where ξ =
∫
dr
∣∣∣1− 2µ0r + εr2 ∣∣∣1/2 and
̟2(r) = 1 − 2µ0r + εr2 . For the constants ε = 0 and µ0 being a point mass,
the metric εg (28) is just that for the Schwarzschild solution written in
spacetime spherical coordinates (r, ϑ, ϕ, t).12
12For simplicity, in this work, we shall consider only the case of ”pure” gravitational
vacuum solutions, not analyzing a more general possibility when ε = e2 can be related to
17
Let us consider nonholonomic deformations when gi = ηigˇi and ha =
ηahˇa and wi, ni are some nontrivial functions, where (gˇi, hˇa) are given by
data (29), to an ansatz
ε
ηg = −η1(ξ)dξ ⊗ dξ − η2(ξ)r2(ξ) dϑ⊗ dϑ (30)
−η3(ξ, ϑ, ϕ)r2(ξ) sin2 ϑ δϕ ⊗ δϕ + η4(ξ, ϑ, ϕ)̟2(ξ) δt⊗ δt,
δϕ = dϕ+ w1(ξ, ϑ, ϕ)dξ +w2(ξ, ϑ, ϕ)dϑ,
δt = dt+ n1(ξ, ϑ)dξ + n2(ξ, ϑ)dϑ,
for which the coefficients are constrained to define nonholonomic Einstein
spaces when the conditions (22) are satisfied. There are used 3–d spacial
spherical coordinates (ξ(r), ϑ, ϕ), or (r, ϑ, ϕ), for a class of metrics of type
(20) with coefficients of type (21).
The equations (18) for zero source state certain relations between the
coefficients of the vertical metric and respective polarization functions,13
h3 = −h20(b∗)2 = η3(ξ, ϑ, ϕ)r2(ξ) sin2 ϑ, h4 = b2 = η4(ξ, ϑ, ϕ)̟2(ξ), (31)
for |η3| = (h0)2|hˇ4/hˇ3|
[(√
|η4|
)∗]2
. In these formulas, we have to chose
h0 = const (it must be h0 = 2 in order to satisfy the first condition (27)),
where hˇa are stated by the Schwarzschild solution for the chosen system
of coordinates and η4 can be any function satisfying the condition η
∗
4 6= 0.
We generate a class of solutions for any function b(ξ, ϑ, ϕ) with b∗ 6= 0. For
different purposes, it is more convenient to work directly with η4, for η
∗
4 6= 0,
and/or h4, for h
∗
4 6= 0.
It is possible to compute the polarizations η1 and η2, when η1 = η2r
2 =
eψ(ξ,ϑ), from (18) with zero source, written in the form ψ•• + ψ′′ = 0.
Introducing the defined values of the coefficients in the ansatz (30), we
find a class of exact vacuum solutions of the Einstein equations defining
stationary nonholonomic deformations of the Schwarzschild metric,
εg = −eψ (dξ ⊗ dξ + dϑ⊗ dϑ) − 4
[(√
|η4|
)
∗
]2
̟2 δϕ⊗ δϕ+ η4̟2 δt⊗ δt,
δϕ = dϕ+ w1(ξ, ϑ, ϕ)dξ + w2(ξ, ϑ, ϕ)dϑ, δt = dt+
1n1dξ +
1n2dϑ. (32)
The N–connection coefficients wi and
1ni must satisfy the conditions (27)
in order to get vacuum metrics in Einstein gravity. Such vacuum solutions
the electric charge for the Reissner–Nordstro¨m metric for the so–called holonomic electro
vacuum configurations(see details, for example, [4]). We treat ε as a small parameter
(eccentricity) defining a small deformation of a circle into an ellipse.
13for details, we send readers to a proof of Theorem 4.1 in Ref. [50]
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are for nonholonomic deformations of a static black hole metric into (non)
holonomic Einstein spaces with locally anistoropic backgrounds (on coor-
dinate ϕ) defined by an arbitrary function η4(ξ, ϑ, ϕ) with ∂ϕη4 6= 0, an
arbitrary ψ(ξ, ϑ) solving the 2–d Laplace equation and certain integration
functions 1wi(ξ, ϑ, ϕ) and
1ni(ξ, ϑ).
In general, the solutions from the target set of metrics do not define
black holes and do not describe obvious physical situations. Nevertheless,
they preserve the singular character of the coefficient ̟2 vanishing on the
horizon of a Schwarzschild black hole if we take only smooth integration
functions for some small deformation parameters ε. We can also consider
a prescribed physical situation when, for instance, η4 mimics 3–d, or 2–d,
solitonic polarizations on coordinates ξ, ϑ, ϕ, or on ξ, ϕ.
3.4 Solutions with linear parametric nonholonomic polariza-
tions
For a general d–metric (32) defining nonholonomic deformations of the
Schwarzschild solution depending on parameter ε, we can select locally
anisotropic configurations with possible physical interpretation of gravita-
tional vacuum configurations with spherical and/or rotoid (ellipsoid) sym-
metry. Let us consider a generating function of type
b2 = q(ξ, ϑ, ϕ) + εs(ξ, ϑ, ϕ) (33)
and, for simplicity, restrict our analysis only with linear decompositions on
a small parameter ε, with 0 < ε << 1. This way, we shall construct exact
solutions with off–diagonal metrics of the Einstein equations depending on
ε which for rotoid configurations can be considered as a small eccentricity.
From a formal point of view, we can summarize on all orders ε2, ε3... stating
such recurrent formulas for coefficients when get convergent series to some
functions depending both on spacetime coordinates and a parameter ε, see
a detailed analysis in Ref. [6].
A straightforward computation with (33) allows us to write (b∗)2 =
[(
√|q|)∗]2[1 + ε 1
(
√
|q|)∗
( s√
|q|
)∗] and compute the vertical coefficients of d–
metric (32), i.e h3 and h4 (and corresponding polarizations η3 and η4) using
formulas (31). In a particular case, we can generate nonholonomic deforma-
tions of the Schwarzschild solution not depending on ε if we consider ε = 0
in the above formulas consider only nonholonomic deformations with b2 = q
and (b∗)2 =
[
(
√
|q|)∗
]2
.
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Nonholonomic deformations to rotoid configurations are possible if we
chose
q = 1− 2µ(ξ, ϑ, ϕ)
r
and s =
q0(r)
4µ2
sin(ω0ϕ+ ϕ0), (34)
for µ(ξ, ϑ, ϕ) = µ0 + εµ1(ξ, ϑ, ϕ) (locally anisotropically polarized mass)
with certain constants µ, ω0 and ϕ0 and arbitrary functions/polarizations
µ1(ξ, ϑ, ϕ) and q0(r) to be determined from some boundary conditions, with
ε being the eccentricity.14 The possibility to treat ε as an eccentricity follows
from the condition that the coefficient h4 = b
2 = η4(ξ, ϑ, ϕ)̟
2(ξ) becomes
zero for data (34) if r+ ≃ 2µ0/
(
1 + ε q0(r)
4µ2
sin(ω0ϕ+ ϕ0)
)
. This condition
defines a small deformation of the Schwarzschild spherical horizon into an
ellipsoidal one (rotoid configuration with eccentricity ε).
Let us summarize the results for d–metrics defining rotoid type solutions:
rotg = −eψ (dξ ⊗ dξ + dϑ⊗ dϑ) + (q + εs) δt⊗ δt
−4
[
(
√
|q|)∗
]2
[1 + ε
1
(
√
|q|)∗ (
s√
|q|)
∗] δϕ ⊗ δϕ, , (35)
δϕ = dϕ+ w1dξ +w2dϑ, δt = dt+
1n1dξ +
1n2dϑ,
with functions q(ξ, ϑ, ϕ) and s(ξ, ϑ, ϕ) given by formulas (34) and N–connec-
tion coefficients wi(ξ, ϑ, ϕ) and ni =
1ni(ξ, ϑ) subjected to conditions of
type (27),
w1w2
(
ln |w1
w2
|
)∗
= w•2 − w′1, w∗i 6= 0;
or w•2 − w′1 = 0, w∗i = 0; 1n′1(ξ, ϑ)− 1n•2(ξ, ϑ) = 0
and ψ(ξ, ϑ) being any function for which ψ•• + ψ′′ = 0.
Finally, we emphasize that the d–metrics with rotoid symmetry con-
structed in this section are different from those considered in our previous
14A nonholonomic Einstein vacuum can be modelled as a continuum media with possi-
ble singularities which because of generic nonlinear character of gravitational interactions
may result in effective locally anisotropic polarizations of fundamental physical constants.
Similar effects of polarization of constants can be measured experimentally in classical
and nonlinear electrodynamics, for instance, in various types of continuous media and dis-
locations and disclinations. For spherical symmetries, with local isotropy, the point mass
is approximated by a constant µ0. We have to consider anisotropically polarized masses
of type µ1(ξ, ϕ, ϑ) for locally anisotropic models (for instance, with ellipsoidal symmetry)
in general relativity and various types of gravity theories. Such sources should be intro-
duced following certain phenomenological arguments, like in classical electrodynamics, or
computed as certain quasi–classical approximations from a quantum gravity model, like
in quantum electrodynamics.
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works [12, 13, 8]. In general, they do not define black hole solutions. Never-
theless, for small eccentricities, we get stationary configurations for the so–
called black ellipsoid solutions (their stability and properties can be analyzed
following the methods elaborated in the mentioned works, see also a sum-
mary of results and generalizations for various types of locally anisotropic
gravity models in Ref. [9]).
4 Finsler Black Holes, Ellipsoids and Nonlinear
Gravitational Waves
The next step to be taken is to show how we can construct black hole
solutions in a (pseudo) Finsler spacetime using certain analogy with the
Schwarzschild solution rewritten in Finsler variables. There are several av-
enues to be explored, and we separate the material into three subsections.
The first one is for nonholonomic rotoid deformations of Einstein metrics
when the resulting general off–diagonal metrics contain a nontrivial cosmo-
logical constant. The second one concerns imbedding of black hole solutions
and their nonholonomic deformations into nontrivial backgrounds of non-
linear waves. Finally, the third subsection is devoted to Finsler variables
in general relativity and analogs of the Schwarzschild solution in (pseudo)
Finsler spacetimes.
4.1 Nonholonomic rotoid deformations of Einstein metrics
Using the anholonomic frame method, we can construct a class of so-
lutions with nontrivial cosmological constant possessing different limits, for
large radial distances and small nonholonomic deformations, than vacuum
configurations considered in section 3.4. Such stationary metrics belong to
the class of d–metrics (22) defining exact solutions of gravitational equations
(18).
Let us consider a diagonal metric of type
ε
λg = −dξ⊗dξ−r2(ξ) dϑ⊗dϑ−r2(ξ) sin2 ϑ dϕ⊗dϕ+ λ̟2(ξ) dt⊗ dt, (36)
where the local coordinates and nontrivial metric coefficients are parametriz-
ed in the form
gˇ1 = −1, gˇ2 = −r2(ξ), hˇ3 = −r2(ξ) sin2 ϑ, hˇ4 = λ̟2(ξ)
where x1 = ξ, x2 = ϑ, y3 = ϕ, y4 = t, for ξ =
∫ ∣∣∣1− 2µr + ε( 1r2 + λ3 4κ2 r2)∣∣∣ 12
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dr, and λ̟
2(r) = 1− 2µr +ε
(
1
r2
− λ3 4κ2 r2
)
; 4κ
2 = 1/M2∗ stands for the 4–
dimensional Newton’s constant, λ = ε λ is a positive cosmological constant
and µ1 is the so–called ADM mass, see Ref. [54] for a review of results on
Schwarzschild–de Sitter black holes in (4 + n1)–dimensions, for n1 = 1, 2, ...
For the constants ε → 0 and µ taken to be a point mass (in general, for a
stationary locally anisotropic model this is a function of type µ = µ
0
+ ε
µ
1
(ξ, ϑ, ϕ) , for µ
0
= const and function µ
1
(ξ, ϑ, ϕ) taken from phenomeno-
logical considerations), the metric εg (36) has a true singularity at r = 0.
The equation 1 − 2µ0r + 13λ 4κ2 r2 = 0 has three solutions for not small r
(when we can neglect the term 1/r2) corresponding to three horizons for this
spacetime. There are only two real positive roots because of positivity of
radial coordinate r : the first one corresponds to the so–called ”cosmolog-
ical horizon” and the second one (the smaller) is for the ”black hole event
horizon”. A nontrivial parameter ε deforms the metric black hole metric
nonholonomically into a d–metric which (in general) does not satisfy the
Einstein equations. We have to introduce additional off–diagonal terms and
new nonholonomic constraints in order to define nonholonomic transforms
into an exact solution.
We chose local coordinates as in (29) and consider the ansatz
λg˚ = −eφ(ξ,ϑ) dξ ⊗ dξ − eφ(ξ,ϑ) dϑ⊗ dϑ+ h3 (ξ, ϑ, ϕ) δϕ⊗ δϕ+ h4 (ξ, ϑ, ϕ) δt⊗ δt,
δϕ = dϕ+ w1 (ξ, ϑ, ϕ) dξ + w2 (ξ, ϑ, ϕ) dϑ,
δt = dt+ n1 (ξ, ϑ, ϕ) dξ + n2 (ξ, ϑ, ϕ) dϑ,
for h3 = −h20(b∗)2 = η3(ξ, ϑ, ϕ)r2(ξ) sin2 ϑ, h4 = b2 = η4(ξ, ϑ, ϕ) λ̟2(ξ),
where the coefficients satisfy the conditions,
φ••(ξ, ϑ) + φ
′′
(ξ, ϑ) = 2 λ; (37)
h3 = ±(φ
∗)2
4 λ
e−2
0φ(ξ,ϑ), h4 = ∓ 1
4 λ
e2(φ−
0φ(ξ,ϑ)); wi = −∂iφ/φ∗;
ni =
1ni(ξ, ϑ) +
2ni(ξ, ϑ)
∫
(φ∗)2 e−2(φ−
0φ(ξ,ϑ))dϕ,
=
{
1ni(ξ, ϑ) +
2ni(ξ, ϑ)
∫
e−4φ
(h∗4)
2
h4
dϕ, if n∗i 6= 0;
1ni(ξ, ϑ), if n
∗
i = 0;
for any nonzero ha and h
∗
a and (integrating) functions
1ni(ξ, ϑ),
2ni(ξ, ϑ),
generating function φ(ξ, ϑ, ϕ) (24), and 0φ(ξ, ϑ) to be determined from
certain boundary conditions for a fixed system of coordinates.
In explicit form, the d–metric determining nonholonomic ellipsoid de
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Sitter configurations is written
rot
λ g = −eφ(ξ,ϑ) (dξ ⊗ dξ + dϑ⊗ dϑ) +
(
q + εs
)
δt⊗ δt
−h20
[
(
√
|q|)∗
]2 1 + ε 1
(
√
|q|)∗
 s√
|q|
∗ δϕ ⊗ δϕ,
δϕ = dϕ+ w1dξ + w2dϑ, δt = dt+ n1dξ + n2dϑ, (38)
where
q = 1− 2
1µ(r, ϑ, ϕ)
r
, s =
q
0
(r)
4µ2
0
sin(ω0ϕ+ ϕ0),
with 1µ(r, ϑ, ϕ) = µ+ε
(
r−2 − λ 4κ2 r2/3
)
/2, chosen to generate an anisotro-
pic rotoid configuration for the smaller ”horizon” (when h4 = 0), r+ ≃
2 1µ/
(
1 + ε
q
0
(r)
4µ2
0
sin(ω0ϕ+ ϕ0)
)
, for a corresponding q
0
(r). The d–metric
(38) and N–connection coefficients (37) determines a solution of nonholo-
nomic Einstein equations (18). It is not a solution in general relativity but
can be considered in (pseudo) Finsler models of gravity.
We have to impose the condition that the coefficients of the above d–
metric satisfy the constraints (25) in order to generate solutions of the
Einstein equations (19) for the Levi–Civita connection. From the first con-
straint, for φ∗ 6= 0, we obtain the condition that φ(r, ϕ, ϑ) = ln |h∗4/
√
|h3h4||
must be any function defined in non–explicit form from equation 2e2φφ = λ.
The set of constraints for the N–connection coefficients is to be satisfied if the
integration functions in (37) are chosen in a form when w1w2
(
ln |w1w2 |
)∗
=
w•2 − w′1 for w∗i 6= 0; w•2 − w′1 = 0 for w∗i = 0; and take ni = 1ni(xk) for
1n′1(x
k)− 1n•2(xk) = 0.
In the limit ε→ 0, we get a subclass of solutions of type (38) possessing
spherical symmetry but with generic off–diagonal coefficients induced by the
N–connection coefficients and depending on cosmological constant. In order
to extract from such configurations the Schwarzschild solution, we must
select a set of functions with the properties φ→ const, wi → 0, ni → 0 and
h4 → ̟2. In general, the parametric dependence on cosmological constant,
for nonholonomic configurations, is not smooth.
4.2 Rotoids and solitonic distributions
On a N–anholonomic spacetimeV defined by a rotoid d–metric rotg (35),
we can consider a static three dimensional solitonic distribution η(ξ, ϑ, ϕ) as
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a solution of solitonic equation15
η•• + ǫ(η′ + 6η η∗ + η∗∗∗)∗ = 0, ǫ = ±1.
It is possible to define a nonholonomic transform from rotg to a d–metric
rot
st g determining a stationary metric for a rotoid in solitonic background in
general relativity:
rot
st g = −eψ (dξ ⊗ dξ + dϑ ⊗ dϑ) + η (q + εs) δt⊗ δt (39)
−4
[
(
√
|ηq|)∗
]2
[1 + ε
1
(
√|ηq|)∗ ( s√|ηq| )∗] δϕ⊗ δϕ, ,
δϕ = dϕ+ w1dξ + w2dϑ, δt = dt+
1n1dξ +
1n2dϑ,
where the N–connection coefficients are taken the same as for (35). In
the limit ε → 0, this metric defines a nonholonomic imbedding of the
Schwarzschild solution into a solitonic vacuum, which results in a vacuum
solution of the Einstein gravity defined by a stationary generic off–diagonal
metric. For small polarizations, when |η| ∼ 1, it is preserved the black hole
character of metric and the solitonic distribution can be considered as on
a Schwarzschild background. It is also possible to take such parameters of
η when a black hole is nonholonomically placed on a ”gravitational hill”
defined by a soliton.
A d–metric (39) can be generalized for (pseudo) Finsler spaces with
canonical d–connection as a solution of equations R̂αβ = 0 (18) by d-metrics
parametrized in the form (22) with stationary coefficients subjected to con-
ditions
ψ••(ξ, ϑ) + ψ
′′
(ξ, ϑ) = 0; (40)
h3 = ±e−2 0φ (h
∗
4)
2
h4
for given h4(ξ, ϑ, ϕ), φ =
0φ = const;
wi = wi(ξ, ϑ, ϕ) are any functions if λ = 0;
ni =
{
1ni(ξ, ϑ) +
2ni(ξ, ϑ)
∫
(h∗4)
2 |h4|−5/2dv, if n∗i 6= 0;
1ni(ξ, ϑ), if n
∗
i = 0;
for h4 = η(ξ, ϑ, ϕ) [q(ξ, ϑ, ϕ) + εs(ξ, ϑ, ϕ)] . In the limit ε → 0, we get a
so–called Schwarzschild black hole solution mapped nonholonomically on
a N–anholonomic (pseudo) Riemannian spacetime, or on a nonholonomic
tangent bundle.
15as a matter of principle, we can consider that η is a solution of any three dimensional
solitonic and/ or other nonlinear wave equations
24
We get a model of Finsler gravity on a tangent bundle TM with a
two–dimensional base M and typical two–dimensional fiber endowed with a
pseudo–Euclidean metric when y3 = v = ϕ is the anisotropic coordinate and
y4 = t is the time like coordinates. Such an exact solution for the Einstein
equations for the canonical d–connection is described by a d–metric (39)
with coefficients of type (40).
4.3 Nonholonomic transforms, Finsler variables and exact
solutions in (pseudo) Finsler gravity theories
Finsler variables can be considered on any (pseudo) Riemannian man-
ifold/ tangent bundle V if we prescribe a generating fundamental Finsler
function F (x, y). This function induces canonical (Finsler) N– and d–connec-
tion structures, a class of N–adapted frames and a Sasaky type d–metric f .
By nonholonomic deforms, using corresponding vierbein coefficients, such
values can be related to an arbitrary d–metric structure g on V, in partic-
ular, to an exact solution g˚.16
Let us consider three sets of data:
a) The values fαβ = [ fij, fab,
cNai ] (4) for
ceα = ceααe
α = (ei =
dxi, cea = dya + cNai dx
i), with ceαα = [
ceii = δ
i
i,
ceaa],
eα = [dxi, dya], defines a (pseudo) Finsler space with canonical N–
connection cNai . We shall use the canonical d–connection Γ̂
γ
αβ (11)
computed for values fαβ.
b) The values gα′β′ = [ gi′j′ , ha′b′ , N
a′
i′ ] (5) for e
α′ = eα
′
αe
α = (ei
′
=
dxi
′
, ea
′
= dya
′
+Na
′
i′ dx
i′), with eα
′
α = [ e
i′
i = δ
i′
i, e
a′
a], determines
a general (pseudo) Riemannian metric (for purposes of this work, the
coefficients Na
′
i′ will be not general ones but taken to satisfy some
conditions of type Na
′
i′ = N˚
a
i ).
16In this work, the term exact solution refers to the Einstein equations for the canonical
d–connection
̂˚
D and/or the Levi–Civita connection ∇˚. Usually, we state exactly what kind
of linear connections are used. In general, we can nonholonomically transform a Finsler
d–metric f into a d–metric g, when at least one of such d–metrics is not a solution of any
gravitational field equations for the corresponding d–connections, and finally to deform
such a sequence of two transforms into an exact solution g˚ but the this does not mean
that all corresponding Ricci d–tensors, for instance, will vanish in the case that one of
such d–metric is a vacuum solution. If we state for an N–adapted frame structure that
f = g = g˚, we argue that we introduce certain f– and/or g˚–variables for a given (pseudo)
Riemannian metric g and this will result in corresponding equalities of all Ricci/Einstein
d–tensors.
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c) The coefficients g˚α′′β′′ = [ g˚i′′j′′ , h˚a′′b′′ , N˚
a′′
i′′ ] for e˚
α′′ = e˚α
′′
α e
α =
(ei
′′
= dxi
′′
, ea
′′
= dya
′′
+ N˚a
′′
i′′ dx
i′′), with eα
′′
α = [ e
i′′
i = δ
i′′
i , e
a′′
a ],
define a solution of nonholonomic Einstein equations for the canonical
d–connection, or its restriction to the case of the Levi–Civita connec-
tion; for various classes of (non) holonomic Einstein spaces we can
chose g˚α′′β′′ to be defined by a d–metric (22) with any subsets of coef-
ficients subjected to respective conditions (23), or (25), for a nontrivial
cosmological constant, and (26), or (27), for vacuum configurations.
To model a (pseudo) Finsler geometry in general relativity we have to
impose the conditions f = g = g˚.
4.3.1 (Pseudo) Riemannian metrics in Finsler variables
By frame transforms any data of type a) can be equivalently expressed
as data of type b) and inversely. For fαβ = e
α′
α e
β′
βgα′β′ , we write explicit
parametrizations
fij = e
i′
ie
j′
jgi′j′ and fab = e
a′
ae
b′
b ga′b′ , (41)
Na
′
i′ = e
i
i′ e
a′
a
cNai , or
cNai = e
i′
i e
a
a′ N
a′
i′ , (42)
were, for instance, e aa′ is inverse to e
a′
a.
For simplicity, we chose gi′j′ = diag[g1′ , g2′ ], ha′b′ = diag[h3′ , h4′ ] and
Na
′
i′ =
(
N3
′
i′ = wi′ , N
4′
i′ = ni′
)
. The (pseudo) Finsler data fij, fab and
cNai
=
(
cN3i =
cwi,
cN4i =
cni
)
are with diagonal matrices, fij = diag[f1, f2]
and fab = diag[f3, f4], if the generating function is of type F =
3F (x1, x2, v)
+ 4F (x1, x2, y) for some homogeneous (respectively, on y3 = v and y4 = y)
functions 3F and 4F.17 For a diagonal representation with e3
′
4 = e
4′
3 =
e2
′
1 = e
1′
2 = 0, we satisfy the conditions (41) if
e1
′
1 = ±
√∣∣∣∣ f1g1′
∣∣∣∣, e2′2 = ±
√∣∣∣∣ f2g2′
∣∣∣∣ , e3′3 = ±
√∣∣∣∣ f3h3′
∣∣∣∣, e4′4 = ±
√∣∣∣∣ f4h4′
∣∣∣∣. (43)
For any fixed values fi, fa and
cwi,
c ni and given gi′ and ha′ , we can
17Of course, we can work with arbitrary generating functions F (x1, x2, v, y) but this will
result in off–diagonal (pseudo) Finsler metrics in N–adapted bases, which would request
a more cumbersome matrix calculus.
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compute wi′ and ni′ as
w1′ = ±
√∣∣∣∣ g1′ f3h3′ f1
∣∣∣∣ cw1, w2′ = ±
√∣∣∣∣ g2′ f3h3′ f2
∣∣∣∣ cw2, (44)
n1′ = ±
√∣∣∣∣ g1′ f4h4′ f1
∣∣∣∣ cn1, n2′ = ±
√∣∣∣∣ g2′ f4h4′ f2
∣∣∣∣ cn2
solving the equations (42).
4.3.2 Anti–diagonal frame transforms and exact solutions
It is also possible to define frame transforms relating data of type b)
to some data of type c) and inversely. In this case, the vierbein matrices
should be taken to be anti–diagonal in order to keep in mind the possibility
to relate data c) with some (pseudo) Finsler ones of type a).
Let us consider g˚α′′β′′ = e˚
α′
α′′ e˚
β′
β′′gα′β′ parametrized in the form
g˚i′′j′′ = gi′j ′˚e
i′
i′′˚e
j′
j′′+ha′b′˚e
a′
i′′˚e
b′
j′′ , h˚a′′b′′ = gi′j ′˚e
i′
a′′˚e
j′
b′′+ha′b′˚e
a′
a′′˚e
b′
b′′ , (45)
for an exact solution of Einstein equations determined by data g˚αβ = [˚gi, h˚a,
N˚ai ] in a N–elongated base e˚
α = (dxi, e˚a = dya + N˚ai dx
i). For e˚i
′
i′′ =
δi
′
i′′ , e˚
a′
a′′ = δ
a′
a′′ , we write (45) as
g˚i′′ = gi′′ + ha′
(˚
ea
′
i′′
)2
, h˚a′′ = gi′
(˚
ei
′
a′′
)2
+ ha′′ , (46)
i.e. four equations for eight unknown variables e˚a
′
i′′ and e˚
i′
a′′ , and N˚
a′′
i′′ =
e˚ i
′
i′′ e˚
a′′
a′ N
a′
i′ = N
a′′
i′′ . For instance, we can solve the algebraic system (46):
e˚3
′
1′′ = ±
√
|(˚g1′′ − g1′′) /h3′ |, e˚3′2′′ = 0, e˚4
′
i′′ = 0, e˚
1′
a′′ = 0, e˚
2′
3′′ = 0, e˚
2′
4′′ =
±
√∣∣∣(˚h4′′ − h4′′) /g2′ ∣∣∣, for certain nontrivial values of metric coefficients.
Using (44), with N˚a
′′
i′′ = N
a′′′
i′′ , we get
w˚1′ = ±
√∣∣∣∣ g1′ f3h3′ f1
∣∣∣∣ cw1, w˚2′ = ±
√∣∣∣∣ g2′ f3h3′ f2
∣∣∣∣ cw2, (47)
n˚1′ = ±
√∣∣∣∣ g1′ f4h4′ f1
∣∣∣∣ cn1, n˚2′ = ±
√∣∣∣∣ g2′ f4h4′ f2
∣∣∣∣ cn2.
From these formulas, we compute gi′ , ha′ , when gi′ = δ
i′′
i′ gi′′ , ha′ = δ
a′′
a′ ha′′ , w˚i′
= δi
′′
i′ w˚i′′ , n˚i′ = δ
i′′
i′ n˚i′′ . Introducing gi′ , ha′ into (46) for given g˚i′′ , h˚a′′ , we can
determine four values from eight ones, e˚a
′
i′′ and e˚
i′
a′′ .
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4.3.3 Nonholonomic Einstein spaces and Finsler variables
We summarize the main steps which allows us to transform a (pseudo)
Finsler d–metric into a general (pseudo) Riemannian one and then to re-
late both such d–metrics to an exact solution of the Einstein equations. Of
course, such geometric/physical models became equivalent if they are per-
formed for the same canonical d–connection and/or Levi–Civita connection.
1. Let consider a solution for (non)holonomic Einstein spaces:
g˚ = g˚idx
i ⊗ dxi + h˚a(dya + N˚aj dxj)⊗ (dya + N˚ai dxi)
= g˚ie
i ⊗ ei + h˚a˚ea ⊗ e˚a = g˚i′′j′′ei′′ ⊗ ej′′ + h˚a′′b′′˚ea′′ ⊗ e˚b′′
related to an arbitrary (pseudo) Riemannian metric transforms (45).
2. We chose onV a fundamental (pseudo) Finsler function F = 3F (xi, v)
+ 4F (xi, y) inducing canonically a d–metric of type
f = fidx
i ⊗ dxi + fa(dya + cNaj dxj)⊗ (dya + cNai dxi),
= fie
i ⊗ ei + fa cea ⊗ cea
determined by data fαβ =
[
fi, fa,
cNaj
]
in a canonical N–elongated
base ceα = (dxi, cea = dya + cNai dx
i).
3. From formulas (47) with Na
′
i′ = N˚
a′
i′ and e
α′ = e˚α
′
, we obtain
gi′ = fi′
(
w˚i′
cwi′
)2 h3′
f3′
, gi′ = fi′
(
n˚i′
cni′
)2 h4′
f4′
.
Both formulas are compatible if w˚i′ and n˚i′ are constrained (this is
possible if we chose (23) and (26)) to satisfy the conditions Θ1′ =
Θ2′ = Θ, where Θi′ =
(
w˚i′
cwi′
)2 ( n˚i′
cni′
)2
, and Θ =
(
w˚1′
cw1′
)2 ( n˚1′
cn1′
)2
=(
w˚2′
cw2′
)2 ( n˚2′
cn2′
)2
. Having computed Θ, we define gi′ =
(
w˚i′
cwi′
)2 fi′
f3′
and h3′ = h4′Θ, where (in this case) there is not summing on indices.
So, we constructed the data gi′ , ha′ and wi′ , nj′.
4. We can construct e˚a
′
i′′ and e˚
i′
a′′ as any nontrivial solutions of
g˚i′′ = gi′′ + ha′
(˚
ea
′
i′′
)2
, h˚a′′ = gi′
(˚
ei
′
a′′
)2
+ ha′′ , N˚
a′′
i′′ = N
a′′
i′′ .
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f ↔ g ↔ g˚
q q q
{fαβ} {fαβ = e
α′
α e
β′
β
gα′β′} {gα′β′ = e˚
α′′
α′
e˚
β′′
β′
g˚α′′β′′}
eα
′
α = [e
i′
i, e˚
a′
a]
e˚a
′
i′′
=
[
e˚3
′
1′′
; e˚a
′
a′′
= δa
′
a′′
e˚4
′
i′′
= e˚3
′
2′′
= 0
]
e˚i
′
a′′
=
[
e˚i
′
i′′
= δi
′
i′′
; e˚2
′
4′′
e˚1
′
a′′
= e˚2
′
3′′
= 0
]
e˚α
′
α′′
= [˚ea
′
i′′
, e˚i
′
a′′
]
fij = diag{fi}
fab = diag{fa}
cNai =
{
cwi
cni
ceα = (dxi, cea)
gi′j′ = diag{gi′}
ha′b′ = diag{ ha′}
Na
′
i′
= N˚a
′
i′
eα
′
= (dxi, e˚a
′
)
g˚i′′j′′ = diag{ g˚i′′}
h˚a′′b′′ = diag{ h˚a′′}
N˚a
′′
i′′
=
{
w˚i′′
n˚i′′
e˚α
′′
= (˚ei
′′
, e˚a
′′
)
Table 1: Nonholonomic deformations of (pseudo) Finsler metrics into
(pseudo) Riemannian/ Einstein ones.
For instance, we take e˚3
′
1′′ = ±
√
|(˚g1′′ − g1′′) /h3′ |, e˚3′2′′ = 0, e˚4
′
i′′ = 0,
e˚1
′
a′′ = 0, e˚
2′
3′′ = 0, e˚
2′
4′′ = ±
√∣∣∣(˚h4′′ − h4′′) /g2′ ∣∣∣ and finally compute
e1
′
1 = ±
√∣∣∣∣ f1g1′
∣∣∣∣, e2′2 = ±
√∣∣∣∣ f2g2′
∣∣∣∣, e3′3 = ±
√∣∣∣∣ f3h3′
∣∣∣∣, e4′4 = ±
√∣∣∣∣ f4h4′
∣∣∣∣.
We note that we defined a sequence of two nonholonomic deformations
from f to g˚ and inversely. The above geometric constructions are outlined
in Table 1.
The goal of this section was to prove that for any model of (pseudo)
Finsler gravity induced by a generating function of type F = 3F (ξ, ϑ, ϕ)
+ 4F (ξ, ϑ, ϕ) there are exact solutions with rotoid symmetry, of type (22),
for Einstein equations with nontrivial cosmological constant. In the limit
ε → 0 for g˚, the elaborated scheme of two nonholonomic transforms allows
us to rewrite the Schwarzschild solution as a (pseudo) Finsler metric f(x, y).
Haven chosen to define our gravity theory on a N–anholonomic manifold, we
say that the the Schwarzschild spacetime is parametrized in (nonholonomic)
Finsler variables.
Any construction on nonholonomic (pseudo) Riemannian spaces can be
similarly performed for Finsler gravity theories on tangent bundles. In such
a case, the variables ya must be interpreted as ”velocities” and the fun-
damental geometric objects (the metric and N– and d–connections) will
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depend on such tangent vectors components. A natural Schwarzschild like
generalization of g˚ would be to chose a d–metric gα′β′ = [ gi′j′ , ha′b′ , N
a′
i′ ]
(5) included in a scheme f ↔ g↔ g˚ when the canonical d–connection Γ̂γαβ
(11) is for a solution of nonholonomic vacuum Einstein equations with h4
and h3 defined respectively by b
2 = q and (b∗)2 =
[
(
√
|q|)∗
]2
introduced in
(35) but with general N–connection coefficients (26). Such configurations
seem to be stable and define (nonholonomic) black hole objects in (pseudo)
Finsler gravity (we have to chose correspondingly the integration functions
1ni(ξ, ϑ),
2ni(ξ, ϑ) and the coefficients w1(ξ, ϑ, ϕ) and adapt the proof for
”black ellipsoids” from [12, 13, 8]).
5 Discussion and Conclusions
In this paper, we have analyzed the problem of how black hole solutions
can be constructed in Finsler gravity theories and if such geometric objects
may have relations to black holes in general relativity and generalizations.
To the best of our knowledge, such questions have not yet been addressed
in the literature.
There are also two other important motivations to study possible black
hole structures and their nonholonomic deformations on (pseudo) Rieman-
nian spacetimes and gravity models on tangent bundles:
1. To analyze the physical consequences of nonholonomic frame con-
straints on the dynamics of gravitational fields induced by space-
time nonholonomic gravitational distributions and/or nonlinear self–
polarizations of gravitational fields.
2. To provide additional arguments on viability of Finsler like gravity the-
ories. If such models admit black hole objects which are non–trivially
related to those in general relativity, this may help a better under-
standing of stationary gravitational configurations and their modelling
by Lagrange–Finseler geometries.
Our constructions have completed a qualitative understanding of a class
of exact solutions in the Einstein and Finsler gravity theories which for cer-
tain small values of parametric nonholonomic deformations contain stable
ellipsoid configurations and new classes of black hole objects. There were
encompassed all possible values of cosmological constant for solutions with
generic off–diagonal metrics and two classes of linear connections (the canon-
ical distinguished connection and the Levi–Civita one). The solutions were
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generated following the anholonomic frame method (see reviews of such ge-
ometric methods and results in Refs. [6, 7, 9]). Certain features of these
solutions are shared, while others differ or can be modelled in certain limits
of a small parameter and for some types of generating/integrating functions.
For instance, we positively get black hole solutions with ellipsoidal symme-
try for certain small values of eccentricity, but dependence on cosmological
constant plays not a smooth character because of nonlinear interactions and
nonholonomic constraints. At the most basic level, we have to introduce lo-
cally anisotropic polarizations of masses in order to get self–consistent and
stable gravitational configurations.
In the context of interactions of Finsler black hole solutions with non-
linear waves (we have chosen the example of solitonic waves), our geometric
method allows us to include them both as generic off–diagonal terms and/or
in the so–called ”vertical” part of the metrics as small and not small defor-
mations of original black holes spacetimes. We can consider various types of
asymptotic conditions and nonholonomic constraints and define stationary
stable configurations.
In another context of nonholonomic Einstein spacetimes modelled on
(pseudo) Riemannian/ Finsler manifolds/bundles, we found that the same
classes of black hole solutions, rotoids and/or solitons can be derived in all
metric compatible gravity theories. The results of this paper have lead to
an overview of the main qualitative features common to static solutions in
general relativity and their stationary modifications for Finsler like theories.
These results confirm and extend our results and knowledge on the exist-
ing/possible generalizations for black hole solutions in string/brane models,
noncommutative gravity, nonholonomic Ricci flow theory etc, see examples
and discussions in Refs. [10, 11, 51, 52, 53].
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A Glossary of Terms and Comments
We provide a list with basic terms, concepts and terms using ”Italic”
characters in (generalized) Finsler and Lagrange geometry and nonholo-
nomic (pseudo) Riemannian spaces. Usually, such models are elaborated on
a tangent bundle TM of a manifold M, dimM = n ≥ 2, or (in Cartan and
Hamilton geometry) on dual, i.e. co–tangent, bundle T ∗M. Indices i, j, ...
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are used for coordinates on M and indices a, b, ... are used for fiber like co-
ordinates. The Greek indices α, β, ... are for coordinates uα = (xi, ya), or
u = (x, y), and geometric objects on total space TM. References [56, 55, 7, 9]
provide surveys, critical remarks and details on physical models for gener-
alized Finsler geometry and applications in modern physics.
1. A Finsler fundamental (generating) function F (x, y), when F (x, λy) =
|λ|F (x, y), for any nonzero λ ∈ R, is defined on T˜M (which is TM
without null–sections on M ; some additional assumptions on F are
imposed in different geometric models of Finsler geometry, see de-
tails in section 2.1). The nonlinear quadratic element ds2 = F 2(x, y)
transform into the well–known Riemannian one, ds2 = gij(x)dx
idxk,
if F 2 is a quadratic function on yi ∼ dxi. In literature on geometry
and physics, there is a confusion between the terms ”Finsler metric”
extending the concept of ”Riemannian metric” gij(x) on M. Some au-
thors call F as the Finsler metric but other ones use this term for the
Hessian fab =
1
2
∂2F 2
∂ya∂yb
, det | fab| 6= 0, see (1), or for a metric defined
by a Sasaki lift fαβ (4). To avoid ambiguities is better to call F as
the generating/fundamental Finsler function because different metric
structure can be constructed on TM, M and fibers using different
maps for the same geometric data (M,F ).
2. We can elaborate ”effective” mechanical models of Finsler geometry if
L = F 2 is considered as a regular Lagrangian. Such models can be re-
lated to ”relativistic mechanics” if the condition of quadratic positivity
is dropped for fab and there are considered pseudo–Euclidean signa-
tures for gij(x) and fαβ(x, y). A (pseudo) Riemannian space (M,gij(x))
is characterized by a unique Levi–Civita connection ∇ = {Γijk} which
is torsionless and metric compatible. For such a connection, the equa-
tions for ”autoparallel transports” and geodesics (length extremals)
are equivalent. In general, it is not clear which conditions should be
stated when the equations for nonlinear geodesics (semi–sprays) would
be equivalent to certain ”autoparallel” equations in Finsler space.
3. The main confusion for non-experts on Finsler geometry is that a met-
ric gij completely defines a (pseudo) Riemannian geometry but only
F does not determine a complete model of (pseudo) Finsler geom-
etry. There are necessary additional assumptions (following certain
geometric/physical principles) on which types of connections have to
be used for such spaces. One of the approaches to definition of Finsler
spaces is to work with ”semi–sprays” as certain variational curves and
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related Euler–Lagrange equations for L = F 2. In such a case, we can
construct the Cartan nonlinear connection cN = { cNai }, see formu-
las related to (3), which is completely defined by F up to arbitrary
frame/coordinate transforms.
4. In general, a nonlinear connection (N–connection) can be considered as
nonholonomic (nonintegrable) distribution stating a general splitting
N : TTM = hTM ⊕ vTM, see (2). Such a horizontal (h) – vertical
(v) decomposition is not obligatory defined for a generating function
F.
5. One of the most important geometric and physical property of a N–
connection N = {Nai }, in a canonical or other forms, is that it allows
us to introduce the so–called N–adapted frames and coframes (7)
eν = (ei = ∂i −Nai ∂a, ea = ∂a), eµ = ei = dxi, ea = dya +Nai dxi.
We can elaborate N–adapted differential/integral and variational cal-
culus with respect to such nonholonomic vielbeins (frames).
6. Via so–called Sasaki type lifts, using the Hessian fab (1) and the
canonical N–connection cN, a fundamental Finsler function F defines
a so–called canonical distinguished metric (d–metric) structure fαβ (4)
on TM. Some authors prefer to consider other classes of lifts when
the homogeneity property is preserved but for Finsler like extensions
of general relativity with general covariance we can work with any
fαβ. This allows us to consider any convenient frames and systems of
coordinates which is very important for constructing exact solutions
and quantization.
7. The terms distinguished tensor (d–tensor), distinguished vector (d–
vector), etc are used for geometric objects adapted to a N–connection
splitting (2). We can use the data (fαβ,
cNai ) and construct on TM a
canonical (pseudo) Riemannian model determined by a fundamental
Finsler function F and the Levi–Civita connection F∇ computed for
fαβ. But in such a ”Finsler” geometry the constructions will be not
adapted the the N–connection splitting (2). In Finsler geometry, one
works with with linear connections which preserve the N–connection
structure. The Levi–Civita connection does not have such a property.
8. A distinguished connection (d–connection), D = (hD, vD) = {Γγαβ =
(Lijk, L
a
bk, C
i
jc, C
a
bc)}, is a linear connection preserving under parallel
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maps the h–v–decompositions of geometric objects. In Finsler geom-
etry, there are used various classes of d–connections which a metric
compatible, Dg = 0, or not metric compatible, Dg 6= 0. They are de-
fined following certain geometric principles
9. There is a so–called canonical d–connection D̂ = {Γ̂γαβ} (11) which
by definition is metric compatible, D̂g = 0, and with zero h- and v–
torsion. The nontrivial h-v–components of such a d–torsion are com-
pletely determined by a d–metric g. Such a d–connection is very con-
venient for constructing solutions of gravitational field equations in
Einstein and Finsler gravity theories, and modifications, see [7, 9, 6,
8, 10, 11, 50].
10. Chronologically, the first Finsler type d–connection was introduced by
Cartan [31], the Cartan d–connection, D˜, for certain identifications
L˜ijk = L˜
a
bk, C˜
i
jc = C˜
a
bc when all geometric objects are generated by F.
This d–connection has a very important property that it is compati-
ble to the almost symplectic (Kaehler) and amost complex structures
constructed in a canonical form using (fαβ,
cNai ). As a result, it is
possible to quantize such theories using the Fedosov and/or A–brane
quantization methods [16, 17, 47], also references therein.
11. If g = f , the coefficients of D̂ and/or D˜ are completely determined by
F and the corresponding fαβ . In such cases, there are N–adapted dis-
tortions to the Levi–Civita connection, for instance, in the form Γγαβ =
Γ̂γαβ + Z
γ
αβ, see formulas (12) and (13). We can work equivalently
with data (F : g = f ,D̂), or (F : g = f , D˜), or (F : g = f , F∇ = D̂+Ẑ)
etc. The corresponding torsion and curvature tensors can be con-
structed/computed in standard form but for resepective d–connections.
12. Finsler like connections can be used on a (pseudo) Riemannian space,
V, and in ”standard” general relativity theory (GR). This is possi-
ble for any 2+2 splitting with corresponding fibred structure for con-
ventional h- and v–coordinates, uα = (xi, ya), or u = (x, y), when
i, j, ... = 1, 2 and a, b, ... = 3, 4. We can prescribe any formal Finsler
like nonholonomic distribution F on V (analog of F on TM). Simi-
larly to constructions on tangent bundles, we can define and compute
(fαβ,
cNai ) and related D̂ and D˜, when the nonholonomically induced
torsion is completely determined by the metric structure. This is the
main difference from the well–known Cartan geometry when the tor-
sion is an independent tensor field). We conclude that any (pseudo)
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Riemann geometry and the GR can be equivalently encoded in Finsler
like variables (similarly, we can re–write such models using spinor,
twistor or other variables), and certain equivalent almost symplectic
ones. Some variables are more convenient, for instance, for con-
structing generic off–diagonal exact solutions, other ones for analyzing
interactions with fermions in N–adapted form, or to re–define the con-
structions for a geometric method of quantization.
13. Conclusions: A model of Finsler geometry is completely defined by
a triple of data (F : f ,N,D) which is different from a (pseudo) Rie-
mannian geometry determined only by a metric field g (in GR, it is a
solution of the Einstein equations). We need additional assumptions
on Finsler types N– and d–connection and metric structures.
14. Final Remarks:
• There are different models of Finsler geometry. Various authors
consider Finsler d–connections which are not metric compatible
(for instance, the Chern and/or Berwald d–connections), or dif-
ferent definitions for the Riemann and Ricci tensors, see critical
remarks and discussions on relation of such models to standard
theories of physics in Refs. [55, 7, 9].
• In Ref. [56], we concluded that a self–consistent axiomatics for a
class of Einstein–Finsler theories constructed for the d–connections
D̂ and/or D˜ (used instead of the Levi–Civita one ∇) can be for-
mulated in a form similar to GR. If we take the basic space M
as a Lorentz manifold, the (co) tangent bundle constructions en-
code Finsler like generalizations of the Einstein theory in certain
unique canonical forms. Such theories can be quantized following
standard methods. They allow us to study certain models with
Lorentz violations, modified gravity effects etc. We can apply
pure geometric methods or elaborate N–adapted variational and
generalized Palatini approaches with N–elongated partial deriva-
tives and differentials (7). For such details, see [7, 9] and refer-
ences therein.
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